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Introduction
The KLOE collaboration have made three precise measurements of the cross section σ e + e − → π + π − γ(γ) in 2008 [1, 2] , 2010 [3, 4] and 2012 [5, 6] . 1 These measurements are crucial for estimating the hadronic vacuum polarisation (HVP) contribution to the anomalous magnetic moment of the muon, a HVP µ , which is presently the limiting factor in the precision of the Standard Model (SM) prediction, a SM µ . This SM prediction disagrees with the experimental value, a exp µ [8] [9] [10] [11] , by approximately 3.5 standard deviations or higher [12] [13] [14] [15] [16] [17] [18] [19] , making it an interesting probe of potential physics beyond the SM. Currently, the uncertainties of a SM µ and a exp µ are of comparable magnitude. However, with new experimental efforts at Fermilab [20] and J-PARC [21] set to improve the experimental error by a factor of four compared to the BNL measurements [8] [9] [10] , it is imperative that the SM prediction is also improved.
The HVP contribution to a SM µ can be determined using a dispersion integral and the cross section σ 0 e + e − → hadrons , which is bare (undressed of all vacuum polarisation (VP) effects) as indicated by the superscript '0', but includes final state radiation (FSR). At leading order (LO), the dispersion integral is where s th = m 2 π 0 is the hadronic production threshold, σ 0 had (s) is the bare cross section of the process e + e − → hadrons and K(s) is a well-known kernel function [22, 23] . The contribution of the π + π − final state to the anomalous magnetic moment of the muon, a π + π − µ , is over 70% of the total estimate of a HVP µ and is also the largest contributor to its uncertainty. Consequently, the three measurements of the cross section σ 0 e + e − → π + π − γ(γ) by the KLOE collaboration are invaluable to precisely determine a π + π − µ . The simultaneous input of the KLOE measurements into equation (1.1) requires a detailed analysis to attain the correct combination of the three, which will have a non-trivial influence on a π + π − µ and provide an important comparison with other experimental measurements of σ ππ . The KLOE measurements of σ ππ(γ) are, in part, highly correlated, necessitating the construction of full statistical and systematic covariance matrices to be used in any combination of these data. To combine the data without the correlations would result in an underestimate of the uncertainty of a HVP µ and, potentially, a bias of its mean value. The construction of these covariance matrices must be statistically robust in order to ensure that they correctly describe the correlated relationship of the three measurements.
The main purpose of this work is to formulate the covariance matrices required to determine the correct combination. In Section 2, the three KLOE measurements of σ e + e − → π + π − γ(γ) [1] [2] [3] [4] [5] [6] are reviewed and, in some cases, updated in order to ensure a consistent combination. Section 3 then focuses on the construction of the statistical and systematic covariance matrices for the combination of the KLOE measurements. In Section 4, these matrices are then used to combine the three measurements into a single measurement of σ 0 e + e − → π + π − γ(γ) , which we use to provide an estimate of a π + π − µ . We then compare our results with the individual KLOE measurements and other experimental measurements of σ ππ(γ) . 1 The KLOE collaboration also made a measurement of σ e + e − → π + π − γ(γ) in 2005 [7] . However, this is now considered to be superseded by the 2008 measurement, as discussed in [1] .
2 Measurements of σ 0 e + e − → π + π − γ(γ) by the KLOE collaboration 2.1 Determination of the π + π − cross section DAΦNE [24] is a high luminosity e + e − collider that operates predominantly at the centre of mass energy equal to the φ meson mass, √ s = m φ = 1.0194 GeV [11] . The KLOE detector has been used to obtain measurements of the process e + e − → π + π − γ(γ) [1, 3, 5, 25] . These measurements are achieved through radiative return, where the differential cross section is measured as a function of the invariant mass of the pion pair, √ s = M ππ . The cross section σ ππ ≡ σ(e + e − → π + π − ) is then determined according to [26] using the relation
where H is the radiator function describing the emission of photons in the initial state [27] [28] [29] [30] . Equation (2.1) is valid neglecting the contribution from FSR, although it is properly accounted for in the KLOE analyses [1, 3, 5, 31] . The KLOE collaboration have performed three measurements of the cross section σ e + e − → π + π − γ(γ) [1] [2] [3] [4] [5] [6] . All three published cross sections are bare (undressed of all VP effects) and including FSR. For the first two, which for the purposes of this study we shall denote as KLOE08 [1] and KLOE10 [3] , the bare cross section is obtained by [32] 
where the superscript '0' indicates that the cross section is bare, the subscript (γ) indicates that the cross section includes FSR, σ ππ(γ) (s ) is obtained using equation (2.1) and Π(s ) is the vacuum polarisation containing both real and imaginary parts [33] . 2 For the third measurement of σ 0 ππ(γ) (s ), namely KLOE12 [5] , a reciprocal relation to equation (2.1) was utilised, allowing for a bin-by-bin normalisation of the π + π − cross section by the µ + µ − cross section. For the same invariant mass squared, the ratio of the π + π − γ and µ + µ − γ differential cross sections allows the relation
where s = M 2 ππ = M 2 µµ . This normalisation has many advantages concerning the determination of the cross section. Importantly, the ratio in equation (2.3) benefits from the cancellation of the radiator function for initial state radiation (ISR) and of the VP correction, manifestly resulting in a bare cross section. Therefore, the undressing procedure described by equation (2.2) is not applied to KLOE12, although the FSR contribution to the π + π − production must again be included.
The pion form factor, |F π | 2 , is determined for all three measurements to be
where α ≡ α(0), β π (s ) = 1 − 4m 2 π /s and η π is the inclusive FSR correction assuming pointlike pions [34] .
The KLOE measurements
The experimental analysis of each KLOE measurement of σ e + e − → π + π − γ(γ) has been reviewed and, in some cases, updated in order to ensure a more precise and consistent combination of the three measurements. In the following, each measurement is discussed individually, where any changes to the respective analysis are explicitly stated.
The KLOE08 measurement consists of 60 data points in the range 0.35 < s < 0.95 GeV 2 , covering the dominant ρ resonance structure and the ρ−ω interference region in the π + π − final state. The uncertainties of the cross section are dominated by the systematics uncertainties, especially in the region where the cross section is large. The KLOE08 data have been updated with respect to [1] to incorporate the following necessary changes:
• The data have been undressed of VP effects using an updated routine [32] compared to the one used previously [35] , which now corrects the data using a more appropriate energy grid parametrisation for the determination of the VP.
• The VP correction contains both real and imaginary parts, whereas previously the data were only corrected for the real part of the VP.
• The data are not rounded as they were in [1] to ensure that the statistical and systematic uncertainties correspond to the variances that enter into the diagonal elements of the corresponding covariance matrices.
• The calculation of the cross section has been updated with respect to the precision of input parameters and fundamental constants [11] .
We find, using the updated data for KLOE08, a contribution to the anomalous magnetic moment of the muon of
which exhibits a decrease in the mean value of a π + π − µ when compared to the estimate quoted in [1] that is largely due to the updated determination of the VP. The updated cross section and pion form factor vectors with corresponding covariance matrices for the statistical and systematic uncertainties are available from [36] .
The KLOE10 measurement totals 75 data points in the range 0.1 < s < 0.85 GeV 2 . This analysis [3] selected events that included a photon detected in the calorimeter at large polar angle, allowing the measurement to be taken at lower s closer to threshold. The fifty energy bins of the data in the range 0.35 < s < 0.85 GeV 2 are identical to the fifty KLOE08 bins in the same interval. The KLOE10 cross section has been updated in the same way as KLOE08, with the application of the improved VP correction [32] , the non-rounded data and improved parameter precision resulting in 6) which, like observed with KLOE08, results in a decrease in the mean value of a π + π − µ compared to the estimate in [3] . The updated KLOE10 data vectors and covariance matrices are available from [36] .
The KLOE12 measurement was determined as a µ + µ − γ normalised cross section, as described briefly in Section 2.1. The µ + µ − cross section was measured for the analysis, Corr. for border eff. in Acc.
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Acceptance θ Σ corr. Figure 1 : The flow of the experimental analyses of all three σ 0 e + e − → π + π − γ(γ) cross section measurements. The point where the KLOE08 π + π − γ(γ) data enter the KLOE12 analysis is indicated by the bold black arrows.
whereas the KLOE08 π + π − data were used as the input into equation (2.3), with the KLOE12 measurement having an identical binning and energy range to KLOE08. As these measurements share the same two-pion data, KLOE08 and KLOE12 are highly correlated and it is imperative that they be treated as such in any combination of the two measurements. The KLOE12 cross section has been updated with respect to the use of non-rounded data and input parameter precision. The ratio in equation (2.3) benefits from the cancellation of the VP correction and, therefore, does not require an updated VP correction as with the KLOE08 and KLOE10 cross section data. For the contribution to the muon magnetic anomaly, from the KLOE12 data alone, we find
Here, the error has reduced since [5] , where a flaw in the previous error calculation resulted in an overestimation of the published systematic uncertainty and, as a result, there have been
The KLOE π + π − γ(γ) combination matrix structure for both the statistical and systematic covariance matrices. necessary changes to the KLOE12 systematic matrix construction. 3 The updated KLOE12 data are available from [36] .
Constructing the KLOE combination covariance matrices
The flow of the experimental analyses for the KLOE08, KLOE10 and KLOE12 measurements is shown in Figure 1 . In the case of the KLOE12 measurement, the beginning of the flow refers to the measurement of µ + µ − γ(γ). The point where the KLOE08 π + π − γ(γ) data enters is clearly marked. This diagram exhibits the extent of the correlation between KLOE08 and KLOE12, with correlations existing for all elements of the KLOE08 σ ππ analysis from the observed spectrum of π + π − γ(γ) events up to the acceptance correction. In addition, the degree of correlation between KLOE08 and KLOE10 or KLOE10 and KLOE12 is clearly shown, with many parts of the experimental analyses being common to a pair of measurements or having been obtained through a similar method.
The KLOE statistical and systematic combination covariance matrices are 195 × 195 matrices and are depicted in Figure 2 . They have been carefully constructed to satisfy the necessary mathematical properties of a covariance matrix, details of which are described in Appendix A. The KLOE08, KLOE10 and KLOE12 diagonal blocks are simply the covariance matrices of the individual measurements. The KLOE0810 block describes the correlation between KLOE08 and KLOE10, with corresponding definitions for KLOE0812 and KLOE1012. Statistical uncertainties are, in general, uncorrelated (ρ αstat ij | i =j = 0, where ρ ij is the correlation coefficient defined in Appendix A) and only contribute to the diagonal elements of the corresponding correlation block of the combination covariance matrix. The exceptions to this are the unfolding and unshifting corrections 4 (see Section 3.1), which both contribute to the non-diagonal elements of the statistical matrix (ρ
. For systematic (sys) uncertainties, all data points are taken to be 100% correlated or anti-correlated (ρ αsys ij = ±1). The resulting correlation structures for both the statistical and systematic matrix are shown in Figure 3 . In the following, we outline the correlations that exist for and between the individual measurements for the statistical and systematic uncertainties separately.
Statistical correlations
Other than those that exist as part of the individual analyses for the KLOE08, KLOE10 and KLOE12 diagonal sub-matrices in the statistical 195 × 195 combination covariance matrix depicted in Figure 2 , the only statistical correlations that are present are those due to the twopion data that are shared between KLOE08 and KLOE12. These occupy the KLOE0812 and KLOE1208 blocks of the statistical combination covariance matrix. As no statistical correlations exist between KLOE08 and KLOE10 or KLOE10 and KLOE12, all elements of the KLOE0810 (KLOE1008) and KLOE1012 (KLOE1210) correlation blocks of the statistical covariance matrix are zero. This can be seen diagrammatically in Figure 3 .
The individual KLOE08, KLOE10 and KLOE12 statistical covariance matrices (corresponding to the diagonal blocks of the statistical combination matrix given by Figure 2 ) describe all statistical uncertainties inherent in the respective experimental analysis. The contributions to the statistical covariance matrices from the unfolding and unshifting procedures are partially correlated, where the correlation coefficients are defined by the unfolding [37] [38] [39] and unshifting [37] procedures themselves. Details regarding these procedures and all other statistical uncertainties (which are considered to be fully uncorrelated) can be found in [2, 4, 6] .
The KLOE0812 statistical correlation block receives contributions from all corrections to the KLOE08 π + π − γ(γ) data up until the point where these data enter the KLOE12 analysis. Following the experimental analysis flow for KLOE08 in Figure 1 , these include the detector resolution correction (unfolding), the correction for border efficiency in the acceptance, the pion identification efficiency (π/ε likelihood), the tracking efficiency, the trigger corrections, the unshifting of M 2 ππ → (M 0 ππ ) 2 and the acceptance for the cuts in θ π and θ ππ [2] . All corrections prior to the unfolding in the analysis flow are included in the unfolded KLOE08 π + π − γ(γ) spectrum and, therefore, manifestly enter the KLOE0812 correlations through the correlations of the unfolding. As the unfolding (unf) and unshifting (uns) corrections are identically correlated for the KLOE08 and KLOE12 statistical covariance matrices, these correlations must be reflected in the KLOE0812 correlation block exactly in the form Not doing so would result in the statistical covariance matrix having negative eigenvalues, therefore violating the condition that the covariance matrix is a positive semi-definite matrix. All remaining correlated statistical uncertainties only enter into the diagonal elements of the KLOE0812 correlation block, as they are fully correlated only for the same energy bins between the two measurements.
Systematic correlations
All correlation blocks in Figure 2 receive contributions from systematic uncertainties, as can be seen clearly in Figure 3 . Unless stated otherwise, for any two bins i and j, systematic uncertainties where correlations exist are fully correlated (ρ ij = +1) or anti-correlated (ρ ij = −1). For the individual measurements, apart from two exceptions, all sources of systematic uncertainty are fully correlated between all energy bins. The first exception is the systematic uncertainty due to the unfolding, which only contributes at the sharp descent of the cross section in the ρ − ω interference region. Here, an identical unfolding uncertainty enters for five bins of the KLOE08 and KLOE12 analyses and is anti-correlated only for pairs of bins that are on different sides of this sharp descent of the cross section. For KLOE10, the only two affected bins are those directly before and directly after the sharp descent in the cross section, where the uncertainties are fully anti-correlated between these two bins. The second exception is the weighted background subtraction for KLOE12, where in the experimental analysis the weights of the fitted e + e − γ, ππγ and πππ backgrounds to the µ + µ − γ(γ) spectrum are distributed over neighbouring two-bin intervals from 0.32 to 0.96 GeV 2 . For the KLOE12 systematic covariance matrix, this results in only neighbouring bins from 0.36 to 0.94 GeV 2 being correlated with each other for this background subtraction uncertainty, where the first and last bin remain entirely uncorrelated in this case. A comprehensive discussion concerning this and all other systematic uncertainties for each measurement can be found in [2, 4, 6] .
Importantly, for the KLOE12 systematic covariance matrix the trigger, L3 (software trigger), trackmass, tracking efficiency, acceptance and background subtraction corrections are applied to both the π + π − γ and µ + µ − γ data that enter into the ratio in equation (2.3) and, therefore, the corresponding uncertainties from a given source between the π + π − γ and µ + µ − γ data are correlated. 5 Formally, the ratio of these correction uncertainties results in a reduction of the total uncertainty of a π + π − µ , where the contributions of the positive correlations between the KLOE08 and KLOE12 uncertainties contribute negatively to the overall uncertainty due to the partial derivative of the µ + µ − γ data in the denominator of the ratio. However, the uncertainties due to a given source are defined in terms of the ratio of π + π − γ over µ + µ − γ, such that the contributions from both data sources are already fully incorporated. Therefore, we do not separately add the uncertainties of these corrections for the π + π − γ data to the KLOE12 systematic covariance matrix.
In addition, the KLOE12 systematic uncertainty vector for the non-weighted background subtraction was constructed in [5, 6] such that it contained the ratio of the contributions from the corrections of the ee → eeππ and ee → eeµµ background processes, along with a trackmass (M trk ) tail correction, summed in quadrature. For this analysis, in order to correctly correlate these independent sources of systematic uncertainty according to equation (A.5), these contributions are separated and correlated individually. This has contributed to the reduction of the KLOE12 error estimate in equation (2.7), where previously the correlation of the combined vector resulted in an incorrect overestimate of the systematic uncertainty.
For KLOE08 and KLOE10, the contributions to the systematic uncertainty from the trackmass, tracking efficiency, L3 (software trigger) efficiency, acceptance, luminosity, radiator 5 This only refers to the correlation of uncertainties from a specific source between the π + π − γ analysis and the µ + µ − γ analysis that enter into the KLOE12 ratio. The correlation between the KLOE08 π + π − γ data and the KLOE12 cross section ratio are described in detail in the discussion of the KLOE0812 block of the systematic covariance matrix.
function, vacuum polarisation correction and final state radiation correction are considered to be fully correlated in the KLOE0810 (KLOE1008) covariance matrix blocks. For the correlation of the systematic uncertainty due to the acceptance, only half of the KLOE10 uncertainty is correlated with the KLOE08 uncertainty in order to ensure that the photon detection acceptance that enters into the KLOE10 uncertainty (that is not present in the KLOE08 analyses) is not correlated and only the correlation of the pion tracks is duly accounted for. Importantly, although the KLOE08 and KLOE10 measurements only overlap for the 50 data points in the energy range 0.35 to 0.85 GeV 2 , all energy bins in the 60 × 75 KLOE0810 (75 × 60 KLOE1008) correlation block must be fully correlated. Note that applying 100% correlation to only the overlapping 50 × 50 region would result in the systematic matrix having negative eigenvalues.
As with the statistical uncertainties for KLOE0812 (KLOE1208), the systematic uncertainties inherent in the π + π − γ(γ) data shared between the two analyses are correlated between the KLOE08 and KLOE12 measurements. These include the uncertainties from the L3 efficiency, the background subtraction, the trackmass (M trk ), the unfolding, the tracking efficiency, the trigger efficiency and the acceptance from the KLOE08 analysis. The determined uncertainties for the L3, M trk , tracking, trigger and acceptance corrections for KLOE12 are fully correlated for KLOE0812 such that the anti-correlation that occurs due to the ratio in KLOE12 is propagated accordingly. This is also true for the non-weighted background subtraction contribution, ensuring that only the corrections for the ee → eeππ background from the KLOE08 analysis are correlated with the ratio of the corrections of the ee → eeππ and ee → eeµµ background processes as they enter in the KLOE12 analysis. The unfolding uncertainties for the KLOE0812 correlation block are, in part, anti-correlated as they are for KLOE08 and KLOE12 individually. All other systematic uncertainties are 100% correlated between KLOE08 and KLOE12.
With the same π + π − γ(γ) data being shared between the KLOE08 and KLOE12 measurements, the KLOE1012 (KLOE1210) correlation blocks follow a similar structure to the KLOE0810 (KLOE1008) correlation blocks. The caveats to this statement are that there are no correlated uncertainties here due to the luminosity, radiator function or vacuum polarisation correction, as these effects cancel in the ratio of the π + π − γ(γ) data over the µ + µ − γ(γ) data for the KLOE12 measurement (see Section 2.1). Therefore, the correlated systematic uncertainties for KLOE1012 are the trackmass, tracking efficiency, L3 efficiency, acceptance and final state radiation correction uncertainties, where it is again necessary to correlate only half of the KLOE10 acceptance uncertainty with KLOE12 in order to ensure that only the effect due to the acceptance of the pion tracks is incorporated.
Combination and results

The combined KLOE
Following the methodology of Section 3 yields full KLOE π + π − γ(γ) statistical and systematic covariance matrices that describe the correlations that exist between KLOE08, KLOE10 and KLOE12. These data are combined incorporating the energy dependent statistical and systematic uncertainties and corresponding correlations, using an iterative minimisation of the following linear χ 2 function [12]
Here, σ 0 ππ(γ) (i) is the cross section value of the data point i contributing to the combined cross section valueσ 0 ππ(γ) (m) and the combination cross section vector with the elements labelled by m contains 85 data points over the energy range 0.1 < s < 0.95 GeV 2 , with the 85 bins corresponding to the 85 distinct energy bins of the three measurements. C −1 i (m) , j (n) is simply the inverse of the covariance matrix C i (m) , j (n) , which is defind as the sum of the statistical covariance matrix C stat i (m) , j (n) and the systematic covariance matrix C sys i (m) , j (n) . At each iterative stage of the minimisation, it is defined as
where the quantitiesσ 0 ππ(γ) (m) andσ 0 ππ(γ) (n) are the resulting combined cross section values from the previous iteration. This method has been adapted from [40] (see also [18] ), has been advocated to be free of systematic bias and exhibits a swift convergence, after only a few iterations. We also obtain an output covariance matrix for the combined statistical and systematic uncertainties that describes the correlations between the data points of the resulting cross section vector.
The KLOE combination cross section and pion form factor data are listed in Table 1 . The input cross section vectors and combination covariance matrices, along with the combined output cross section vector and total covariance matrix are available from [36] . 6 For the contribution to the anomalous magnetic moment of the muon in the full energy range, the KLOE combination results in
3)
The resulting cross section and the individual measurements are shown in Figure 4 . In addition, the normalised differences of the individual KLOE measurements and the combination are shown in Figure 5 . We observe good agreement between the data and the combination, especially with KLOE08 which dominates the fit due to its smaller statistical uncertainty when comparing to KLOE10 and KLOE12. KLOE12 exhibits the largest fluctuations when comparing to the fitted combination, but is well within the errors of the data. In plot (a) of Figure 5 , we note how the KLOE0810 and KLOE1012 systematic uncertainties have a non-trivial effect in the lower energy region where only the KLOE10 data exist, with the correlations providing an expected upward pull (which is well within the errors of the combination) to the KLOE combination cross section away from the KLOE10 data points. For the overlapping energy region of all three measurements, the estimates for a π + π − µ from the KLOE combination and the individual measurements are given in Table 2 and Figure 6 . In all cases, the errors include all correlation contributions. For the combination, they have been inflated according to a local χ 2 min /d.o.f. in each energy bin if the χ 2 min /d.o.f. > 1 [11, 41, 42] , as shown in Figure 7 . This has resulted in an increase to the overall uncertainty of the estimate of a π + π − µ of ∼ 13%. The combination agrees well with the estimates from the individual measurements, with a marked improvement in the overall uncertainty. While the statistical uncertainty of a π + π − µ from the combination is dominated by KLOE08 (which has the smallest statistical uncertainty of the three individual measurements), the combination mean where the yellow band represents the statistical and systematic uncertainties of the KLOE combination summed in quadrature and the KLOE08, KLOE10 and KLOE12 cross section measurements are given by the blue, black and pink markers, respectively (colour online). Here, the errors bars of the individual measurements are not shown in order to be able to distinguish the data points, but are in good agreement with the KLOE combination. 
KLOE combination
376.0 ± 0.9 stat ± 3.3 sys KLOE12 377.4 ± 1.2 stat ± 2.3 sys KLOE combination 377.5 ± 0.5 stat ± 2.1 sys value of a π + π − µ is closest to that obtained with the KLOE12 data alone, which has the smallest systematic and, therefore, the smallest total error of the three. This in turn leads to the improved systematic error of the combined result and its markedly improved total error.
Comparison with results from the CMD-2, SND, BaBar and BESIII experiments
The σ(e + e − → π + π − ) cross section has been measured below 1 GeV by the CMD-2 [43] [44] [45] , SND [46] , BaBar [47] and BESIII [48] collaborations. The BaBar and BESIII measurements, like the KLOE measurements, are obtained through radiative return. The CMD-2 and SND measurements are taken by energy scan, allowing us to compare the two methods. All the experimental measurements are undressed of VP effects and include FSR, such that there is a consistent comparison of σ 0 ππ(γ) . The cross section measurements from each experiment and the KLOE combination are shown in Figure 8 .
The normalised difference of the data from these experiments with respect to the KLOE combination are shown in Figure 9 . In particular, we note that the KLOE combination is lower than all other data at the ρ peak where the cross section is largest, but higher than the other experimental data where the cross section drops off in the ρ − ω interference region. This effect is evident in Figure 9 , where we note that for all cases (except for (c) BESIII, where the 
372.4 ± 3.0 SND (04) 371.7 ± 5.0 BaBar (09) 376.7 ± 2.7 BESIII (15) 368.2 ± 4.2 KLOE combination 366.9 ± 2.1 (0.6 < √ s < 0.9 GeV) from the KLOE combination and the CMD-2, SND, BaBar and BESIII data. The available CMD-2 data have been combined following the prescription of [12] . Results for a effect is less prominent), there is a sharp rise and fall of the difference in the experimental cross section at the ρ − ω interference region due to KLOE having fewer bins in this region compared to the other experiments (see plot (b) of Figure 8 ).
The BaBar data are, in majority, higher than the KLOE combination, whereas we observe that the other data sit mainly lower than KLOE below the ρ peak and higher above it. We also note that our comparison of the KLOE combination with the BESIII data looks markedly different from that presented in [48] , especially at higher energies. However, in [48] , the comparison has been made using a fit of the data to the Gounaris-Sakurai parametrisation [49] , which does not provide an adequate description of the BESIII measurements of the π + π − cross section in the tail of the resonance. We therefore opt to compare, in plot (c) of Figure 9 , the published BESIII data points directly with our combination of the KLOE data.
Estimates of the contribution to the anomalous magnetic moment of the muon from these experiments in the range 0.6 < √ s < 0.9 GeV are shown in Figure 10 and Table 3 , where we have combined the available CMD-2 data into a single estimate by applying the same method used to fit the KLOE combination. We observe good agreement (within 1.5σ) between (e) KLOE combination vs. SND Figure 9 : The π + π − cross section from the KLOE combination compared to the CMD-2, SND, BaBar and BESIII data points in the range 0.6 < √ s < 0.9 GeV. The KLOE combination is represented by the yellow band (colour online). In all cases, the uncertainties shown are the statistical and systematic uncertainties summed in quadrature. from the KLOE combination, CMD-2, SND, BaBar and BESIII in the range 0.6 < √ s < 0.9 GeV. The available CMD-2 data have been combined following the prescription of [12] . The KLOE combination is represented by the yellow band (colour online). In all cases, the uncertainties shown are the statistical and systematic uncertainties summed in quadrature.
the KLOE combination and the measurements by CMD-2, SND and BESIII. The measurement by BaBar, as evident from plot (b) of Figure 9 , results in a higher estimate of a π + π − µ .
Conclusions
The KLOE collaboration have performed three measurements of the σ 0 e + e − → π + π − γ(γ) cross section below 1 GeV 2 using the method of radiative return. These measurements are, in part, highly correlated. This is especially true for KLOE08 and KLOE12 where, for the KLOE12 measurement, the KLOE08 π + π − γ(γ) data is normalised by the measured µ + µ − γ(γ) cross section. This has necessitated the construction of statistical and systematic combination covariance matrices, which have been carefully built to satisfy the required properties of a covariance matrix.
Using these covariance matrices, the three measurements have been combined to produce single vectors for both the two-pion cross section σ ππ(γ) and the pion form factor |F π | 2 , along with a corresponding covariance matrix for each. This combination of the KLOE cross section data results in an estimate of the two-pion contribution to the anomalous magnetic moment of the muon of
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A Properties of a covariance matrix
Any covariance matrix, C ij , of dimension n × n must satisfy the following requirements:
• As the diagonal elements of any covariance matrix are populated by the corresponding variances, all the diagonal elements of the matrix are positive. Therefore, the trace of the covariance matrix must also be positive
• It is a symmetric matrix, C ij = C ji , and is, therefore, equal to its transpose, C ij = C T ij .
• The covariance matrix is a positive, semi-definite matrix,
where a is an eigenvector of the covariance matrix C.
• Therefore, the corresponding eigenvalues λ a of the covariance matrix must be real, greater than or equal to zero and the distinct eigenvectors are orthogonal
• The determinant of the covariance matrix is greater than or equal to zero: Det(C ij ) ≥ 0.
With error contributions from multiple sources of uncertainty for both statistics and systematics, the contributions of these individual sources must be summed correctly in order to satisfy the necessary conditions for a covariance matrix. In general, should sources of uncertainty be correlated, the element (i, j) of a covariance matrix that describes the total covariance σ ij between the two data points should be constructed as
Here, α and β denote individual sources of uncertainty, σ α i is the standard deviation of the data point i due to the uncertainty source α, σ β j is the standard deviation of the data point j due to the uncertainty source β and ρ αβ ij is the correlation coefficient that describes the correlation (−1 ≤ ρ ≤ 1) between the uncertainty source α of data point i and the uncertainty source β of data point j. For the construction of the KLOE covariance matrices, different sources of uncertainty are generally assumed to be independent and, therefore, uncorrelated (ρ where C α ij is the covariance matrix specifically due to the uncertainty source α. It follows that to define the total covariance of two data points, we must know the correlation coefficient and absolute error of each data point for each source of uncertainty, which are then summed in accordance with equation (A.5).
